In this note we consider mechanical systems with smooth linear nonholonomic constraints which do not depend on time. For a special case of Chaplygin systems, when the motion of the system can be described as a closed system of differential equations in local coordinates of the reduced space of the same dimension as the dimension of the constraint distribution, we define linear connections for which the equations of motion take the form of equations of geodesic lines. In the case of inertial motion, or motion under influence of potential forces, we give explicit expressions for coefficients of linear connections, in a form much simpler then those given for a general case in [4] .
Let us consider mechanical system ℳ with local coordinates ( = 1, . . . , ). It is well known that the configuration space of ℳ is the Riemannian space with the metric defined by the expression ( 1 , . . . , )˙˙( , = 1, . . . , ) is the kinetic energy. Suppose that a motion is subject to the linear scleronomic nonholonomic constraints
for which we assume that are independent and nonintegrable. The virtual displacements of motion satisfy the equations
i.e, they belong to an -dimensional nonholonomic manifold ( = − ). Here, the nonholonomic manifold on is defined as usual: a vector ( ) belongs to at a given point of if and only if it satisfies the relations (4)
for every at the given point. We can consider ( ( ) ) ( = 1, . . . , ), for every fixed , as the components of a covector (i.e., one-form) on . Namely, under the change of local coordinates¯=¯( 1 , . . . , ), the constraints take the form¯( )˙= 0, where ( ( ) ) is transformed by the following rulē
At every point of the space , the covectors ( ( ) ) span a -dimensional space orthogonal to the nonholonomic manifold at that point. By we denote the associate collection of all -dimensional spaces. Under the assumption that the nonholonomic constraints are ideal, the reaction forces ( ) ( = 1, . . . , ) belong to since = 0.
1. The equations of motion of the considered nonholonomic problem are (e.g, see [5] )
where ( = 1, . . . , ) are the generalised forces of the system ℳ and the constraints (2) are written in the form˙′ = ′˙.
(From now on small Latin letters denote the indices 1, . . . , , Greek letters denote the indices 1, . . . , = − , and Greek letters with the prime denote the indices + 1, . . . , .) We will transform the equations (5) into a form that is more appropriate for further study. For that purpose, we substitute in the kinetic energy the velocitieṡ ′ by the expressions given by nonholonomic constraints. As a result we get
where
(Here by ( , ) we denoted the symmetry in indices and .) 1 Translator's note. Here denotes the total (Bianchi) derivative of the Levi-Civita connection of the metric (1). Now, the equations (5) can be written as
where are defined by (9) = and the Hamel coefficients are given by (10)
Let us note that the equation (8) 
Note that is not a Riemannian subspace of , since the metric 2 differs from the Riemannin metric induced from 2 . If in addition the generalized forces do not depend on coordinates ′ , we can consider the equations (8) as a closed system on . Then, if one integrates the equations and finds a trajectory ( ), the motion of the nonholonomic problem can be obtained by solving the additional non-autonomous equations determined by the constraints. Therefore the problem is reduced to the problem of solving and analysis of the equations (8) on the space . From now on we consider this reduced problem. Let us also note that under the assumption that the system is of the Chaplygin type, the equations (8) and expressions (10) simplify since all derivatives in ′ vanish.
After introducing the Christoffel symbols of the Levi-Civita connection associated to the metric
the equations (8) become
where, in order to simplify the notation, we set
It is obvious that the equations (11), for = 0, are not the equations of the geodesic lines of the metric 2 , except for the case ′ = 0 that implies integrability of the constraints. Our aim is to describe linear connections on for which the equations (11) represent the differential equations of the geodesic lines.
2.
Firstly we consider the case = 0, = 1, . . . , , when we have motion under the inertia (11')¨+ {︁ }︁˙˙= Θ˙˙.
Let (Γ) be the space endowed with a linear connection with the Christoffel symbols Γ and assume that the above equations have the form (14)¨+ Γ˙˙=˙, where = ( ) is a scalar function. By subtracting (14) and (11') we get
Until now we did not specify the function and we can take it to be a linear one with respect to the velocities =˙, where are components of a covector. Then, the equations (15) imply
and, because the above relations hold for every˙, we get
The system (16) has 1 2 2 (1 + ) equations for 3 + unknown variables: Γ and . Since we are interested only in the geodesics equations, without loss of generality we can assume that the space (Γ) is torsion free. Thus we assume that the coefficients of the connection Γ are symmetric in the lower indecies (which does not affect the equations of geodesic lines). Then the number of unknown variables reduces to 1 2 2 ( + 1) + and it is still larger then the number of equations. Therefore, from (16) we can determine Γ as functions of :
It remains to find the coefficients . The scalar function in the geodesics equations (14) depends on the parametrisation of the geodesic lines. Let us take the time as the canonical parameter. Then =˙= 0, i.e., = 0 for all , and we obtain the coefficients of the connection
Next, note that the above Christoffel symbols define a linear connection. Indeed, let us consider a general coordinate transformation of the form
which leaves and the form of equations of nonholonomic constraints invariant:
One can easily prove that the coefficients (18) with respect to the change of local coordinates (19) transform as coefficients of a linear connection:
Finally, we can conclude: differential equations of motion of the considered system ℳ under the inertia are the equations of the geodesic lines on the space with the linear connection (Γ),
where the coefficients of the connection are given by (18).
Note that, since
the space (Γ) is not a metric space, defined by the condition ∇ Γ = 0, and it is not a semi-metric space, defined by the condition ∇ Γ = , with respect to the metric tensor . On the other hand, the kinetic energy˜is conserved along the geodesic lines in (Γ):
3. Now we consider the motion of the system ℳ under the influence of generalised forces = ( 1 , . . . , ) with a potential
BAKŠA Again, our aim is to find a linear connection Γ , such that the equations of motion
are the equations of the geodesics lines on (Γ). Analogously to the previous considerations, we get that the Christoffel symbols Γ satisfy the following identities
If we impose the energy integral (which is well known for the considered nonholonomic problem)˜+ = ℎ = const., the above identities become
Under the natural assumption that the connection is torsion free, i.e, that coefficients Γ are symmetric in the lower indices, one gets
By taking the time as the canonical parameter, we obtain
Note that the difference of the connection coefficients (20) and (21) equals to the symmetric tensor ( ).
4
Apart from the above solution of the problem, we are looking for (Λ), such that the equations of motion of the system with the given energy ℎ are equations of the geodesic lines on (Λ), but now with the canonical parameter being the length of a geodesic with respect to the metric . Sincė
the equations of the geodesic lines (14) (for =˙), after reparametrisation = √︀ 2˜, transform to
If we take in the following form
the geodesic equations take the form Further, for the potentials that depend only on 1 , . . . , , by an analogy with conservative holonomic systems we can use the action line element Ω 2 (e.g., see [1] ) defined by the relation
Similarly to the derivations given in [1] , the equations of motion with the given energy ℎ of the considered nonholonomic system can be written in the form At the end, we note again that all connections are constructed on the reduced -dimensional space .
